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ALGEBRAIC ZERO MEAN CURVATURE VARIETIES IN
SEMI-RIEMANNIAN MANIFOLDS
OSCAR M. PERDOMO
Abstrat. In this paper we provide a family of algebrai spae-like surfaes in the three
dimensional anti de Sitter spae that shows that this Lorentzian manifold admits algebrai
maximal examples of any order. Then, we lassify all the spae-like order two algebrai
maximal hypersurfaes in the anti de Sitter N -dimensional spae. Finally, we provide two
families of examples of Lorentzian order two algebrai zero mean urvature in the de Sitter
spae.
1. Introdution
Let us denote by R
N+1
k the set R
N+1
endowed with the semi-riemannian metri ds2k =
−dx21−· · ·−dx2k+dx2k+1+ · · ·+dx2N+1 and for ǫ = ±1, let us denote by Kk,ǫ the set of points
in R
N+1
k with square norm equal to ǫ, endowed with the metri indued by ds
2
k. Notie that
K2,−1 is the anti de Sitter N dimensional spae, K1,1 is the N dimensional de Sitter spae,
K1,−1 is the N dimensional hyperboli spae and K0,1 is the Eulidean N dimensional sphere.
In this paper we will be dealing with zero mean urvature hypersurfaes in the spaes Kk,ǫ.
These hypersurfaes are ritial points of the area funtional and they are alled minimal or
maximal depending on the nature of the ritial point. We will be referring to them as ZMC
hypersurfaes.
In 1967, Hsiang studied order n algebrai minimal hypersurfaes of spheres, [2℄, in his paper
he showed that suh a hypersurfae M ⊂ SN is dened by the zero level set of an irreduible
homogeneous polynomial f : RN+1 → R of degree n, if and only if,
2∆f(x) |∇f |2(x)− 〈∇|∇f |2(x),∇f(x)〉 = 0 whenever f(x) = 0(1)
In the same paper Hsiang proved that the only order two algebrai minimal hypersurfaes in
the sphere are the Cliord tori. Reall that Cliord tori have exatly two prinipal urvatures
everywhere and the norm the seond fundamental is onstant. In 1970, [3℄, Lawson proved
that the three dimensional sphere admits algebrai surfaes of any order by given expliit
examples.
In this paper we will generalize the results we just mentioned above. First, we will provide a
formula similar to (1) for order n ZMC algebrai hypersurfaes of Kk,ǫ, then, we will lassify
all order two algebrai ZMC hypersurfaes in the anti de Sitter spae. In this lassiation
we prove that the order 2 examples are the hyperboli ylinders and a family of hypersurfaes
with exatly three prinipal urvatures everywhere and with non onstant norm of the seond
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fundamental. We ontinue the paper by proving that the three dimensional anti de Sitter
spae admits algebrai surfaes of any order by given expliit examples. All these examples
are spae-like and omplete.
We will nish the paper by showing two families of algebrai order 2 embedded time-like
ZMC hypersurfaes in the N dimensional de Sitter. Hypersurfaes in the rst family have
three prinipal urvatures everywhere, 0 is one of them with multipliity 1 and orresponds
with a time-like diretion. Hypersurfaes in the seond family have two prinipal urvatures
everywhere, one of them has multipliity 1 and orresponds with a time-like diretion.
We would like to point out that the fat that a spae-like hypersurfae of a semi riemannian
manifold is losed, does not guarantee the ompleteness of its indued riemannian metri
see e.g, [1℄. For this reason, even for algebrai examples whih are evidently losed sets, the
ompleteness is a property that must be heked.
2. Preliminaries
For any non negative integer s less than N + 1, and any positive integer j, we will denote
by Ij the j × j identity matrix and by Bs = {bsij} the (N + 1)× (N + 1) matrix dened by
Bs =
( −Is 0
0 IN+1−s
)
,
Given ǫ = ±1, we will also denote by
Ks,ǫ = {x ∈ RN+1 : 〈Bsx, x〉 = ǫ}
Given an homogeneous polynomial f : RN+1 → R, we will dene
M
s,ǫ
f = {x ∈ Ks,ǫ : f(x) = 0}
We will dene the metri gs : R
N+1×RN+1 → R by gs(v, w) = 〈Bsv, w〉, where 〈 , 〉 denotes
the Eulidean dot produt. Notie that K2,−1 with the metri indued by g2 is the Anti de
Sitter spae, K1,−1 with the metri indued by g1 is the Hyperboli spae, and K1,1 with
the metri indued by g1 is the de Sitter spae. In this setion we will derive the zero mean
urvature equation for the hypersurfae M
s,ǫ
f . For the sake of ompleteness we will start
this setion by proving the following well known property of the Laplaian with respet to a
metri gs.
Lemma 2.1. Let s be any non negative integer less than N + 1. If for a given smooth
funtion f : RN+1 → R we dene
∆gsf = −
∂2f
∂x21
− · · · − ∂
2f
∂x2s
+
∂2f
∂x2s+1
+ · · ·+ ∂
2f
∂x2N+1
then, for any basis {v1, . . . , vN+1} suh that 〈Bsvi, vj〉 = bsij, we have that
∆gsf = −〈D2f(v1), v1〉 − · · · − 〈D2f(vs), vs〉+ 〈D2f(vs+1), vs+1〉+ · · ·+ 〈D2f(vN+1), vN+1〉
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Where D2f denotes the seond derivative (N + 1)× (N + 1) matrix of the funtion f .
Proof. Let us denote by ei = (0, . . . , 0, 1, 0, . . . , 0), i = 1, . . . , N + 1 the standard basis of
R
N+1
and let us dene the matrix A = {aij} by the equations vi =
∑N+1
k=1 aikek. From the
ondition on the values for 〈Bsvi, vj〉 we get that, Bs = ABsAT , from this equation we get
that the inverse of the matrix BsA is the matrix BsA
T
and sine every matrix ommutes
with its inverse we get the equation Bs = A
TBsA. We have that
−〈D2f(v1), v1〉 − · · · − 〈D2f(vk), vk〉+ 〈D2f(vk+1), vk+1〉+ · · ·+ 〈D2f(vN+1), vN+1〉
=
N+1∑
i,j=1
bsij〈D2f(vi), vj〉
=
N+1∑
i,j,k,l=1
bsijaikajl〈D2f(ek), el〉
=
N+1∑
k,l=1
bskl〈D2f(ek), el〉
= ∆gsf
The third equation follows from the equation B = ATBA.

Remark 2.2. Reall that for any x ∈ Ks,ǫ ⊂ RN+1s , a normal vetor (with respet to the
Eulidean metri) is given by Bsx. Therefore, we an desribe the tangent spae of Ks,ǫ at
x as,
TxKs,ǫ = {v ∈ RN+1 : 〈v, Bsx〉 = 0} = {v ∈ RN+1 : gs(v, x) = 0 }
Let us assume that f : RN+1 → R is a homogeneous polynomial of degree k. Anytime
∇f(x) 6= 0 for some x ∈ Ms,ǫf , we get that 〈∇f(x), x〉 = kf(x) = 0. From this equation
we get two important observations. First, we get that in a neighborhood of x, M
s,ǫ
f is an
embedded N − 1 submanifold of RN+1, beause ∇f(x) annot be a multiple of the vetor
Bsx, sine the equation ∇f(x) = λBsx implies that 0 = 〈∇f(x), x〉 = λ〈Bsx, x〉 = ǫλ. The
seond observation is that the vetor Bs∇f(x) ∈ TxKs,ǫ and it is perpendiular to TxMs,ǫf
with respet to the metri gs. This follows beause 0 = 〈∇f(x), x〉 = 〈Bs∇f(x), Bsx〉 =
gs(Bs∇f(x), x) and for any v ∈ TxMs,ǫf , 0 = 〈∇f(x), v〉 = 〈Bs∇f(x), Bsv〉 = gs(Bs∇f(x), v).
From the two observations above we get that M
s,ǫ
f is an embedded N − 1 sub manifold near
x. Moreover, if gs(∇f(x),∇f(x)) 6= 0, then, near this point x the metri gs indues a semi
riemannian metri and the vetor eld ν(x) = 1√|g(Bs∇f,Bs∇f)|Bs∇f denes a Gauss map in
M
s,ǫ
f ⊂ Ks,ǫ.
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Remark 2.3. IfM
s,ǫ
f is a semi-riemannian hypersurfae and ν :M
s,ǫ
f → RN+1 is a Gauss map,
then, the dierential of ν at any x ∈ Ms,ǫf denes a linear transformation from TxMs,ǫf to
TxM
s,ǫ
f . This transformation is self-adjoint with respet to the metri gs. We have that, if the
metri indued by gs on M
s,ǫ
f is riemannian, then, the shape operator an be diagonalized,
if this metri is not riemannian but only semi riemannian, the shape operator may not be
possible to diagonalize. The trae of the shape operator divided by the dimension of M
s,ǫ
f is
alled the mean urvature and it is denoted by H(x). We have that
H(x) =
1
N − 1
N−1∑
i=1
gs(vi, vi)gs(dνx(vi), vi)
where {v1, . . . , vN−1} is any basis for TxMs,ǫf suh that |gs(vi, vi)| = δij
The following lemma gives us a ondition in terms of f that guarantees that the hypersurfae
M
s,ǫ
f has zero mean urvature.
Lemma 2.4. Let ǫ be either 1 or −1 and let f : RN+1 → R be an homogeneous polynomial
suh that w(x) = 〈Bs∇f(x),∇f(x)〉 6= 0 for every x in an open U ⊂ RN+1. If
Σ = {x ∈ RN+1 : f(x) = 0 and 〈Bsx, x〉 = ǫ} ∩ U
is not the empty set, then, Σ with the metri indued by gs is a semi riemannian embedded
submanifold and its mean urvature, as a subset of Ks,ǫ, vanishes if and only if
2w(x)∆gsf(x)− 〈∇w(x), Bs∇f(x)〉 = 0 for any x ∈ Σ
Proof. The rst part follows from the Remark (2.2). From the same remark we also know
that the Gauss map is given by ν = B∇f√|w| .
gs(dνx(vi), vi) = 〈d(Bs∇f√|w| )x(vi), Bsvi〉
= 〈 1√|w(x)|d(Bs∇f)x(vi), Bsvi〉+ d( 1√|w|)x(vi)〈Bs∇f(x), Bsvi〉
=
1√
|w(x)|〈Bsd(∇f)x(vi), Bsvi〉+ 0
=
1√|w(x)|〈D2f(x)vi, vi〉
On the other hand, sine 〈∇f(x), x〉 = kf(x), we get that for every x ∈ Σ, 〈D2f(x)x, x〉 = 0.
We also have that the derivative of the funtion w in the diretion Bs∇f(x) an be omputed
as follows,
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dwx(Bs∇f(x)) = Bs∇f(x)〈∇f, Bs∇f〉
= 〈d(∇f)x(Bs∇f(x)), Bs∇f(x)〉+ 〈∇f(x), d(Bs∇f)x(Bs∇f(x))〉
= 〈D2f(x)Bs∇f(x), Bs∇f(x)〉+ 〈∇f(x), Bsd(∇f)x(Bs∇f(x))〉
= 〈D2f(x)Bs∇f(x), Bs∇f(x)〉+ 〈Bs∇f(x), D2f(x)(Bs∇f(x))〉
= 2〈D2f(x)Bs∇f(x), Bs∇f(x)〉
Now, if {v1, . . . , vN−1} is a basis of TxΣ with |〈Bsvi, vj〉| = δij and sig(a) denotes the sign of
the number a, we get that
∆gsf = ǫ 〈D2f(x) x, x〉 + sig(w(x))〈D2f(x)ν(x), ν(x)〉 +
N−1∑
i=1
sig(〈Bsvi, vi〉)〈D2f(x)vi, vi〉
= sig(w(x))
1
|w(x)|2 〈D
2f(x)Bs∇f(x), Bs∇f(x)〉+
N−1∑
i=1
sig(〈Bsvi, vi〉)〈D2f(x)vi, vi〉
=
1
2w(x)
dwx(Bs∇f(x)) +
N−1∑
i=1
sig(〈Bsvi, vi〉)〈D2f(x)vi, vi〉
=
1
2w(x)
〈∇w(x), Bs∇f(x)〉+ (N − 1)H(x)
The last equation implies the lemma.

Denition: We say that a set M ⊂ Ks,ǫ is algebrai, if there exists an irreduible homoge-
neous polynomial f : RN+1 → R suh that M ⊂ f−1(0) and
2w(x)∆gsf(x)− 〈∇w(x), Bs∇f(x)〉 = 0 for every x ∈M
where w = 〈∇f, Bs∇f〉. We will say that an algebrai hypersurfae M ⊂ Ks,ǫ is regular, if
w(x) 6= 0 for every x ∈M .
Remark 2.5. If a homogeneous polynomial f : RN+1 → R satises that
2w(x)∆gsf(x)− 〈∇w(x), Bs∇f(x)〉 = h(x)f(x)(2)
then, the funtion f denes zero mean urvature hypersurfaes in Ks,ǫ for either ǫ = 1 or
ǫ = −1. In partiular, homogeneous polynomials satisfying equation (2) for s = 1 dene
algebrai minimal hypersurfaes in the Hyperboli spae and algebrai zero mean urvature
hypersurfaes in the de Sitter spae.
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It is not known if in general, a polynomial that denes an algebrai hypersurfae, satises
the equation ( 2) for some homogeneous polynomial h.
Conjeture: If M ⊂ Ks,ǫ is an algebrai hypersurfae dened by a homogeneous polyno-
mial f , then, there exists a homogeneous polynomial h suh that
2w(x)∆gsf(x)− 〈∇w(x), Bs∇f(x)〉 = h(x)f(x)(3)
3. Algebrai surfaes in the anti de Sitter spae
In this setion we will show expliit examples of algebrai surfaes of any order in the anti
de Sitter spae.
Theorem 3.1. Let k and n be any pair of positive relative prime integers suh that n is odd.
a. If k < n, the map φ : R2 → K2,−1 given by
φ(s, t) = (cosh(s) cosh(nt), sinh(s) sinh(kt), cosh(s) sinh(nt),− cosh(kt) sinh(s))
denes an order k + n algebrai ZMC spae-like omplete immersed surfae in the anti de
Sitter spae K2,−1.
b. If k > n, the map ρ : R2 → K2,−1 given by
ρ(s, t) = (cosh(nt) sinh(s), cosh(s) sinh(kt), sinh(s) sinh(nt),− cosh(s) cosh(kt))
denes an order k + n algebrai ZMC immersed surfae in K2,1. Moreover, g2 indues a
negative denite semi-riemannian metri.
. The polynomial
f = 2 ((x1 − x3)k(x2 − x4)n + (x1 + x3)k(x2 + x4)n)
denes algebrai minimal surfaes in the spaes K2,1 and K2,−1. Moreover, f(φ(s, t)) = 0
and f(ρ(s, t)) = 0 for every s and t.
Proof. Let us start proving . A diret veriation shows that if we dene
w = 〈B2∇f,∇f〉 and g = 2w∆g2f − 〈B2∇f,∇w〉
then g = hf where
h = −32k2(x21 − x23)k−2(2x21 − 2x23 + k2(x22 − x24) + k(−x22 + x24)) when n = 1
h = −32n2(x22 − x24)n−2(n2(x21 − x23) + n(−x21 + x23) + 2(x22 − x24)) when k = 1
and
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h = −32 (x21 − x23)k−2( x22 − x24)n−2(n4(x21 − x23)2 − n3(x21 − x23)2 +
2k2n2(x21 − x23)(x22 − x24) + (k − 1)k3(x22 − x24)2 ) for n ≥ 2 and k ≥ 2
Therefore, the funtion f indues algebrai examples in the spaes K2,1 and K2,−1. A diret
omputation shows that,
f(φ(s, t)) = 2 coshk(s) sinhn(s) (1 + (−1)n)
and
f(ρ(s, t)) = 2 coshn(s) sinhk(s) (1 + (−1)n)
sine n is odd, then, f(φ(s, t)) = 0 and f(ρ(s, t)) = 0 for every s and t. A diret veriation
shows that 〈B2φ(s, t), φ(s, t)〉 = −1 and 〈B2ρ(s, t), ρ(s, t)〉 = 1, therefore, φ(s, t) ∈ K2,−1 and
ρ(s, t) ∈ K2,1. The fat that the map φ is an immersion follows from the following equations,
〈∂φ
∂s
, B2
∂φ
∂s
〉 = 1 and
〈∂φ
∂s
, B2
∂φ
∂t
〉 = 0
〈∂φ
∂t
, B2
∂φ
∂t
〉 = 1
2
( k2 + n2 + (n2 − k2) cosh(2s) )
Therefore, sine n > k, φ is a spae-like omplete immersion. Notie that we already proved
the ZMC ondition beause f(φ(s, t)) = 0. The fat that the map ρ is an immersion follows
from the following equations,
〈∂ρ
∂s
, B2
∂ρ
∂s
〉 = −1 and
〈∂ρ
∂s
, B2
∂ρ
∂t
〉 = 0
〈∂ρ
∂t
, B2
∂ρ
∂t
〉 = −1
2
( k2 + n2 + (k2 − n2) cosh(2s) )
Therefore, sine k > n, ρ is an immersion and the metri indued by g2 is negative denite.
Notie that we already proved the ZMC ondition beause f(ρ(s, t)) = 0.

Remark 3.2. The reason we ask for n and k to be relative primes is that if they are not, then
the polynomial f is not irreduible.
The existene of algebrai surfaes by pairs, in H2,1 and H2,−1, is a onsequene of remark
(2.5).
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4. Maximal hypersurfaes in anti de Sitter spaes
Theorem 4.1. For any pair of positive integers m and n and any non negative integer k
the polynomial f : R2+m+n+k → R dened by
f(x1, x2, y, z, u) = 2 x1x2 +
m− n√
mn
x22 +
√
n
m
|y|2 −
√
m
n
|z|2
where y ∈ Rm, z ∈ Rn and u ∈ Rk, provides omplete ZMC spae-like regular algebrai
varieties in the anti de Sitter spae. If we denote by Σ = f−1(0) ∩ K2,−1 the hypersurfae
indued by f , we have the following properties: if k = 0, then, Σ is a hyperboli ylinder with
prinipal urvatures −√ n
m
and
√
m
n
with multipliity m and n respetively. If k > 0, then,
the prinipal urvatures at a point (x1, x2, y, z, u) ∈ Σ are 0, −
√
n
m(1+|u|2) and
√
m
n(1+|u|2)
with multipliities k, m and n respetively.
Proof. Let us dene w = 〈∇f, B2∇f〉. A diret omputation shows that
w = −4x22 − 4
(
x1 +
(m− n)x2√
mn
)2
+ 4
n
m
|y|2 + 4m
n
|z|2 and ∆g2f =
2(n−m)√
nm
Using this expression for w we get that 〈∇w,B2∇f〉 redues to
16
( (m− n)(m2 + n2)
(mn)
3
2
x22 +
2(m2 −mn + n2)
mn
x1x2 +
m− n√
mn
x21 +
√
n3
m3
|y|2 −
√
m3
n3
|z|2 )
Finally, if we dene g = 2w(x)∆g2f(x) − 〈∇w(x), B2∇f(x)〉, a diret omputation shows
that g = −16f . Therefore f denes an algebrai ZMC hypersurfae. We will prove that Σ is
an embedded hypersurfae by showing that w never vanishes for points p = (x1, x2, x3, y, z)
in Σ. Solving the equations f = 0 and 〈B2p, p〉 = −1 for |y|2 and |z|2 we get that
| y|2 = (
√
mx1 −
√
nx2)
2 −m(1 + |u|2 )
m+ n
| z|2 = (
√
mx2 +
√
nx1)
2 − n(1 + |u|2 )
m+ n
Substituting these values for | y|2 and |z|2 in our previous expression for w we get that
w = −4 (1 + |u|2)
Therefore Σ is an embedded hypersurfae. As pointed out in Remark (2.2), the Gauss map
of Σ is given by ν = 1√|w|B2∇f . For points in Σ, ν redues to
ν =
1√
1 + |u|2 (−x2,
n−m√
mn
x2 − x1,
√
n
m
y,−
√
m
n
z, 0 )
A diret omputation shows that if p = (x1, x2, y, z, u) ∈ Σ, then the subspae Γ dened by,
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{(0, 0, v, 0, 0)+λ (√m,−√n, (√mx1−
√
nx2)
y
|y|2 , 0, 0 ) ∈ R
2+m+n+k : v ∈ Rm , 〈v, y〉 = 0 , λ ∈ R }
in the ase that | y| 6= 0, or by
{(0, 0, v, 0, 0) ∈ R2+m+n+k where v ∈ Rm } when | y| = 0
is ontained in TpΣ and dνp(v) =
√
n
m(1+|u|2) v for any v ∈ Γ. Notie that the dimension of
Γ is m. Also, notie that when k = 0 the expression −
√
n
m(1+|u|2) redues to −
√
n
m
.
Likewise, for the same point p, a diret omputation shows that the subspae Ω dened by,
{(0, 0, 0, v, 0)+λ (√n,√m, 0, (√mx2+
√
nx1)
z
|z|2 , 0 ) ∈ R
2+m+n+k : v ∈ Rn , 〈v, z〉 = 0 , λ ∈ R }
in the ase that | z| 6= 0 or by
{(0, 0, 0, v, 0) ∈ R2+m+n+k where v ∈ Rn } when | z| = 0
is ontained in TpΣ and dνp(v) = −
√
m
n(1+|u|2) v for any v ∈ Ω. Notie that the dimension of
Ω is n. Also, notie that when k = 0 the expression
√
m
n(1+|u|2) redues to
√
m
n
.
Also, a diret omputation shows that, when k > 0, the vetor spae Π given by
{(0, 0, 0, 0, v) + λ|u|
2
1 + |u|2 (x1, x2, y, z,
1 + |u|2
|u|2 u ) ∈ R
2+m+n+k : v ∈ Rk , 〈v, u〉 = 0 , λ ∈ R }
in the ase that | u| 6= 0 or by
{(0, 0, 0, 0, v) ∈ R2+m+n where v ∈ Rk } when | u| = 0
is ontained in TpΣ and dνp(v) = 0 for any v ∈ Π. Therefore, sine the dimension of Σ is
dim(Γ) + dim(Ω) + dim(Π), we onlude that 0 is a prinipal urvature with multipliity
k, −
√
n
m(1+|u|2) is a prinipal urvature with multipliity m, and
√
m
n(1+|u|2) is a prinipal
urvature with multipliity n. The ompleteness of these examples follows beause these
examples are either isometry to hyperboli ylinders or they are isometry toM×Rk endowed
with the metri ds2(p, v) = (1+ |v|2)ds21(p) + ds22(v) where (M, ds21) is a hyperboli ylinder,
and (Rk, ds22) is the Eulidean spae with the metri ds
2
2 dened by the k × k symmetri
matrix
D(v) = I − 1
1 + |v|2v v
T
where vT = (v1, . . . , vk)
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(Rk, ds22) is omplete beause the eigenvalues of the matrix D(v) are
1
1+|v|2 and 1. Notie
that the eigenvalue of D(v) are either vetors parallel to v or vetors perpendiular to the
vetor v. The isometry mentioned above is given by the map h : M ×Rk → Σ dened as
h(p, v) = (
√
1 + |v|2 p , v )

5. Zero mean urvature hypersurfaes in the de Sitter spae
Theorem 5.1. For any pair of positive integers m and n the polynomial f : R3+m+n → R
dened by
f(x1, x2, x3, y, z) = 2x3x2 +
n−m√
mn
x22 +
√
n
m
|y|2 −
√
m
n
|z|2
where y ∈ Rm and z ∈ Rn provides zero mean urvature regular algebrai varieties in the
de Sitter spae. Moreover, for any p = (x1, x2, x3, y, z) ∈ Σ = f−1(0) ∩ K1,1, the prinipal
urvatures are 0, −
√
n
m(1+x2
1
)
and
√
m
n(1+x2
1
)
with multipliity 1, m and n respetively. Addi-
tionally, Σ with the metri indued by g1 is a Lorentzian semi riemannian and the prinipal
diretion assoiated with the prinipal urvature 0 is a time-like diretion.
Proof. Let us dene w = 〈∇f, B1∇f〉. A diret omputation shows that
w = 4
(
x22 +
((n−m)x2 +
√
mnx3)
2
mn
+
n
m
|y|2 + m
n
|z|2) and ∆g1f = 2(n−m)√nm
Using this expression for w we get that 〈∇w,B1∇f〉 redues to
16
( (n−m)(m2 + n2)
(mn)
3
2
x22 +
2(m2 −mn + n2)
mn
x3x2 +
n−m√
mn
x23 +
√
n3
m3
|y|2 −
√
m3
n3
|z|2 )
Finally, if we dene g = 2w(x)∆g1f(x) − 〈∇w(x), B1∇f(x)〉, a diret omputation shows
that g = −16f . Therefore, f denes an algebrai ZMC hypersurfae. We will prove that Σ is
an embedded hypersurfae by showing that w never vanishes for points p = (x1, x2, x3, y, z)
in Σ, solving the equations f = 0 and 〈B1p, p〉 = 1 for |y|2 and |z|2 we get that
| y|2 = m(1 + x
2
1 )− (
√
mx3 +
√
nx2)
2
m+ n
| z|2 = n(1 + x
2
1 )− (
√
mx2 −
√
nx3)
2
m+ n
Substituting these values for | y|2 and |z|2 in our previous expression for w we get that
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w = 4 (1 + x21)
Therefore, Σ is an embedded Lorentzian hypersurfae. As pointed out in Remark (2.2), the
Gauss map of Σ is given by ν = 1√|w|B1∇f . For points in Σ, ν redues to
ν =
1√
1 + x21
( 0,
n−m√
mn
x2 + x3, x2,
√
n
m
y,−
√
m
n
z )
A diret omputation shows that if p = (x1, x2, x3, y, z) ∈ Σ, then the subspae Γ dened by,
{(0, 0, 0, v, 0, 0)+λ (0,√n,√m,−(√mx3+
√
nx2)
y
|y|2 , 0 ) ∈ R
3+m+n : v ∈ Rm , 〈v, y〉 = 0 , λ ∈ R }
in the ase that | y| 6= 0 or by
{(0, 0, 0, v, 0, 0) ∈ R3+m+n where v ∈ Rm } when | y| = 0
is ontained in TpΣ and dνp(v) =
√
n
m(1+x2
1
)
v for any v ∈ Γ. Notie that the dimension of
Γ is m. Likewise, for the same point p, a diret omputation shows that the subspae Ω
dened by,
{(0, 0, 0, 0, v)+λ (0,√m,−√n, 0, (√nx3−
√
mx2)
z
|z|2 ) ∈ R
3+m+n : v ∈ Rn , 〈v, z〉 = 0 , λ ∈ R }
in the ase that | z| 6= 0 or by
{(0, 0, 0, 0, v ) ∈ R3+m+n where v ∈ Rn } when | z| = 0
is ontained in TpΣ and dνp(v) = −
√
m
n(1+x2
1
)
v for any v ∈ Ω. Notie that the dimension of
Ω is n. Also, a diret omputation shows that, the vetor
v = (1 + x21 , x1x2, x1x3, x1y, x1z)
is in TpΣ and dνp(v) = 0. Therefore, sine the dimension of Σ is 1 + dim(Γ) + dim(Ω),
we onlude that 0 is a prinipal urvature with multipliity 1, −
√
n
m(1+x2
1
)
is a prinipal
urvature with multipliity m and
√
m
n(1+x2
1
)
is a prinipal urvature with multipliity n.
Finally, the statement about the prinipal diretion assoiated with the zero eigenvalue
follows from the equation 〈v, B1v〉 = −1 − x21 for points in K1,1.

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Theorem 5.2. For any positive integer m, the polynomial f : R3+m → R dened by
f(x1, x2, x3, y) =
√
mx21 + 2x2x3 −
m− 1√
m
x23 +
1√
m
|y|2
where y ∈ Rm provides zero mean urvature regular algebrai varieties in the de Sitter spae.
Moreover, for any p = (x1, x2, x3, y, z) ∈ Σ = f−1(0) ∩ K1,1, the prinipal urvatures are√
m and − 1√
m
and with multipliity 1 and m respetively. Additionally, Σ with the metri
indued by g1 is a Lorentzian semi riemannian and the prinipal diretion assoiated with
the prinipal urvature
1√
m
is a time-like diretion.
Proof. Let us dene w = 〈∇f, B1∇f〉. A diret omputation shows that
w = 4((x2 − m− 1√
m
x3)
2 −mx21 + x23 +
1
m
|y|2) and ∆g1f =
2(1−m)√
m
Using this expression for w we get that 〈∇w,B1∇f〉 redues to
16
(
m
3
2 x21 +
1−m√
m
x22 +
2(m2 −m+ 1)
m
x2x3 +
(1−m)(1 +m2)
m
3
2
x23 +
1
m
3
2
|y|2)
Finally, if we dene g = 2w(x)∆g1f(x) − 〈∇w(x), B1∇f(x)〉, a diret omputation shows
that g = −16f . Therefore, f denes an algebrai ZMC hypersurfae. We will prove that Σ
is an embedded hypersurfae by showing that w never vanishes for points p = (x1, x2, x3, y)
in Σ. Solving the equations f = 0 and 〈B1p, p〉 = 1 for |y|2 and x21 we get that
| y|2 = m− (
√
mx2 + x3)
2
m+ 1
x21 =
(
√
mx3 − x2)2 − 1
m+ 1
Substituting these values for | y|2 and x21 in our previous expression for w we get that
w = 4
Therefore Σ is an embedded Lorentzian hypersurfae. As pointed out in (2.2), the Gauss
map of Σ is given by ν = 1√|w|B1∇f . For points in Σ, ν redues to
ν = (−√mx1, x3, x2 − m− 1√
m
x3,
√
1
m
y)
A diret omputation shows that if p = (x1, x2, x3, y) ∈ Σ, then the subspae dened Γ by,
{(0, 0, 0, v) + λ (0,√m, 1,−(√mx2 + x3) y|y|2 ) ∈ R
3+m : v ∈ Rm , 〈v, y〉 = 0 , λ ∈ R }
in the ase that | y| 6= 0 or by
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{(0, 0, 0, v ) ∈ R3+m+n where v ∈ Rm } when | y| = 0
is ontained in TpΣ and dνp(v) =
√
1
m
v for any v ∈ Σ. Notie that the dimension of Γ is m.
Also, a diret omputation shows that the vetor
v = (x2 −
√
mx3, x1,−
√
mx1, 0 )
satises 〈v, B1v〉 = −1 for points in Σ and, moreover, we have that v is in TpΣ and dνp(v) =
−√mv. Therefore, sine the dimension of Σ is 1 + dim(Γ), we onlude that √m is a
prinipal urvature with multipliity 1 and − 1√
m
is a prinipal urvature with multipliity
m.

6. Classifiation of order two algebrai spae-like maximal varieties in
the anti de Sitter spae.
In this setion we will prove that the examples that we studied in setion (4) onstitute
all algebrai maximal spae-like hypersurfaes in the spae in N -dimensional anti de Sitter
spae.
Remark 6.1. In the proof of the next two theorems everytime we mention a hange of oor-
dinates, we will be referring to a hange of oordinates that orresponds to an isometry of
the ambient spae.
Theorem 6.2. If f : RN+1 → R is a homogeneous polynomial of degree 2 and Mf = {x ∈
R
N+1 : f(x) = 0 and 〈B2x, x〉 = −1} is a regular algebrai ZMC spae-like variety of the
anti de Sitter N-dimensional spae, then, up to an isometry on the anti de Sitter spae, there
exist positive integers m and n and a non negative integer k suh that
f(x) = 2x1x2 +
m− n√
mn
x22 +
√
n
m
|y|2 −
√
m
n
|z|2
where m+ n+ k = N − 1 and y = (x3, . . . , xm+2) and z = (xm+3, . . . , xm+n+2)
Proof. Let us assume that f = 〈Ax, x〉 where A is a N + 1 by N + 1 symmetri matrix. Let
us denote by
{e1 = (1, 0, . . . , 0), . . . , eN+1 = (0, 0, . . . , 1)}
the standard basis of R
N+1
. SineMf is spae-like, without loss of generality, we will assume
that the point e1 is inMf , ∇f(e1) = 2 e2, that the prinipal diretions at e1 are given by the
vetors e3, . . . , eN+1, and that the prinipal urvatures at e1 are κ1, . . . , κN−1 respetively.
We will additionally assume that κ1, . . . , κm are positive κm+1, . . . , κm+n are negative and
κm+n+1 . . . κm+n+k = 0. Under these assumptions the matrix A redues to
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A =


0 1 0 0 . . . 0
1 b a1 a2 . . . aN−1
0 a1 κ1 0 . . . 0
0 a2 0 κ2 0 0
0
.
.
. 0 0
.
.
. 0
0 aN−1 0 0 . . . κN−1


.
and the funtion f redues to
f(x) = 2x1x2 + bx
2
2 + 2a1x2x3 + · · ·+ 2aN−1x2xN+1 + κ1x23 + · · ·+ kN−1x2N+1
The ZMC ondition on Mf implies that
κ1 + κ2 + · · ·+ κN−1 = 0(4)
Let us dene,
w = 〈∇f, B2∇f〉 and g = 2w∆g2f − 〈∇w,B2∇f〉
By Lemma (2.4) we have that g vanishes whenever f vanishes. Therefore, for any point in the
Mf , the gradient of g, ∇g must be parallel to the gradient of f , ∇f . A diret omputation
shows that
∇g(e1) = (0, 32(−1 + a21 + · · ·+ a2N−1) , 32a1κ1, . . . , 32aN−1κN−1)
In the omputation above we have used equation (4).
Sine ∇f(e1) = 2e2, we get that
a1κ1 = 0, a2κ2 = 0, . . . aN−1κN−1 = 0
The equation above implies that a1 = 0, . . . , am+n = 0. The funtion f then redues to
f(x) = 2x1x2 + bx
2
2 + κ1x
2
3 + · · ·+ km+nx2m+n+2 + 2 x2(am+n+1xm+n+3 + · · ·+ 2aN−1xN+1)
Let us denote by a = (am+n+1, . . . , am+n+k).
Reall that not all the κi's an be zero, beause this would imply that f is reduible. There-
fore we have that m > 0 and n > 0. A diret omputation shows that for every j = 1, . . . , n,
the point
p1 =
√
2 e1 +
√
−κm+j
κ1 − κm+j e3 +
√
κ1
κ1 − κm+j em+j+2
is a point in Mf , therefore g(p1) must be zero. A diret omputation shows that
g(p1) = 16κ1κm+j (b+ κ1 + κm+j)
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Therefore, b = −(κ1 + κm+j). Sine this is true for all j, we get that κm+j = κm+1 for all
j = 1, . . . , n. In the same way it follows that κi = κ1 for all i = 1, . . . , m. Using the equation
(4) we get that
κm+1 = −m
n
κ1 and b = −κ1 − κm+1 = κ1m− n
n
Denoting by y = (x3, . . . , xm+2) and z = (xm+3, . . . , xm+n+2), we an write the funtion f as
f(x) = 2x1x2 + κ1 (
m− n
n
x22 + |y|2 −
m
n
|z|2) + 2x2(am+n+1xm+n+3 + · · ·+ 2aN−1xN+1)
A diret omputation shows that the point p2 =
√
m(mn+1+n2)
n
e2+
√
mn e3+
√
−n+nm2+m
n
em+3
is a point in Mf , therefore g(p2) must be zero. We an hek that,
g(p2) =
16κ1m(m− n)(κ21m+ n(| a|2 − 1))(1 +mn+ n2)
n3
Therefore, if m 6= n we get that, | a| < 1 and κ1 =
√
n(1−|a|2)
m
.
In the ase that m = n a diret omputation shows that p3 = e1+
2
κ1
e2+
2
κ1
em+3 is a point
in Mf , therefore g(p3) must be zero. It is not diult to see that,
g(p3) =
64(| a|2 − 1 + κ21)
k1
Therefore, one again, when m = n, we get that | a| < 1 and κ1 =
√
1− | a|2 =
√
n(1−| a|2)
m
.
When a ∈ Rk is the zero vetor, the polynomial f redues to
f(x) = 2x1x2 +
m− n√
mn
x22 +
√
n
m
|y|2 −
√
m
n
|z|2
When a is not the zero vetor, doing a hange of oordinates of the form,
x˜i = xi, for i = 1, . . .m+ n + 2 and x˜m+n+3 =
1
| a| (an+m+1xm+n+3+· · ·+an+m+kxn+m+k+2)
we an assume, without loss of generality, that an+m+2 = · · · = an+m+k+2 = 0. Under these
assumptions the funtion f redues to,
f(x) = 2x1x2 + bx
2
2 + κ1|y|2 −
mκ1
n
|y|2 + 2| a|x2xm+n+3
Now, sine | a| < 1 we an nd an isometri with respet to the metri g2 that hanges the
oordinates so that
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x˜1 =
x1 + | a| xm+n+3√
1− | a|2 , x˜m+n+3 =
xm+n+3 + | a| x1√
1− | a|2 and x˜i = xi for all i 6= 1, m+ n+ 3
After dividing f by
√
1− | a|2, the hange of oordinates above will allow us to write f as
f(x) = 2x1x2 + bx
2
2 + κ1|y|2 −
mκ1
n
|y|2
One the polynomial f has this form, by using the argument we used when a is the zero
vetor, we an dedue that
f(x) = 2x1x2 +
m− n√
mn
x22 +
√
n
m
|y|2 −
√
m
n
|z|2
This ompletes the proof of the theorem. 
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